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NPG Report No. 6-46.

ANALYTICAL SUMMARY - PART T
The Physical Properties of STS Under
Triaxial Stress.

1. Por someé years the Naval Proving Ground has been assiduously
engaged in the study of the penstration of armor by projectiles. Pursuance
of this work to conclusive results must he predicated upon well substan-
tiated theories defining the performances of the materials involved under
the various possible conditiona.

2. Particularly necessary in the more immediately practical field
of armor study and evaluation ig the need for dependable plate penstration
charts or tsbles. In 1943 Lieut. Comdr. A. V. Hershey, USNR was assigned
the task of preparing such charts. In prosecution of the sssigned task
he conducted an exhsustive study, emplcyed for the first time new methods
of attack and developed new theoiries concerning the phenomena incident to
tlLe penetration of plates by projectiles.

3. During the latter yesars of Wcrld war II, Lieut. Comdr., Hershey
prepared a series of nine reports whicn are being published by the Naval
Provirn;; “round under titles as follows:

(1) ANALYTICAL SUMMARY. PART I. THE PHYSICAL PROPERTIES OF STS
UNDER TRIAXIAL STRESS.

Object: To summarize the available date on the physical proper-
ties of Class B Armor and STS under triaxial siress.

(2) ANALYTICAL SUMMARY. PART IX. ELASTIC AND PLASTIC UNDULATIONG
IN ARMOR PLATE.
Objsct: To analyse the propagation of undulations in armor plate;
to summarize previous analytical work and to add new

analytical work whers required in «rder fc complete the
thecry or ballistic applications.
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(3)

(4)

(5)

(6)

{(7)

{8)

ULCLASSIFED

ANALYTICAL SUMMARY. PART III. PLASTIC FLOW IN ARMOR PLATE.

Object: To analyse the plastic flow in armor plate adjacent to
the point of impaect by a projectile.

ANALYTICAL SUMMARY. PART IV. THE THEORY OF ARMOR PENETRATION.

Object: To summerize the theory of armor penetration in its
present state of development, and vo develop theoretical
functions which can be used as a guide in the interpreta-
tion of ballistic data.

BALLISTIC SUMMARY. PART I. THE DEPENDENCE OF LIMIT VELUCITY ON
PLATE THICKNESS AND OBLIQUITY AT LOW OBLIQUITY.

Object: To compare the results of ballistic test with the
prediction of existing formulas, and with the results
of theoretical analysis; to find the mathematical func-
tions which bpst represent the fundamental relationship
between limit velocity, plate thickness, and obliquity
at low obliquity.

BALLISTIC SUMMARY. PART II. THE SCALE EFFECT AND THE OGIVE
EFFECT.

Object: To determine the effect of scale on baliistic perfor-
mance, and to correlate the projectile nose shape with
the results of ballistic test.

BALLISTIC SUMMARY. PART III. THE WINDSHIELD EFFECT, AND THE
OBLIQUITY EFFECT FCR COMMON PROJECTILES.

Object: To analyse the sction of a windshield during impact, and
to develop mathematical functions which best represent
the ballistic performance of common projectiles.

[
BALLISTIC SUMMARY. PART IV. THE CAP EFFECT, AND THE OBLIQUITY
EFFECT FOR AP PROJECTILES.

Object: To determine the action of a cap during impact, and to

develop mathematical functiona which best represent
the ballistic performance of AP projectiles.
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(9) BALLISTIC SUMMARY PART V. THE CONSTRUCTION OF PLATE PENETRA-
TION CBARTS OR TABLES.

Object: To summairize the results of analysis in the form of
standard charts or tables.

4. The opinions and statements contained in these reporte are the
exprossions of the suthor, and do not nocessarily represent the offictial

views of the Naval Proving Ground.

c. T. JOY
Rear Admiral, (SN
Commanding Officar
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AUTHORIZATION

The moterial in this report is supplementary to the construc-
tion of plate penstration charts. It was authorized in BuQrd Letter
NP9/A9 (Re3) datsd 9 January 1943.

OBJECT

To summarize the available data on the physical properties of
Class B Armor and STS under triaxial stress.

SUMMARY

The general analysis of stress ana strain is applied to the
data on STS and other steels to find maithematical functions which best
represent the isothermal stress-strain relationship for STS under tri-
axial stress. Functions are given to represent the variation of shear
stress with normal pressure, temperature, and strain rate. The adiabatic
stresa-strain relationship for STS under shear stress is derived and ia
applied to ihe propagation of plane plastic waves in ST'S. An analysis
is made of the reflesction of elastic waves from a free surface. (urves
are given to represent the relationships between stireee moments and
curvatures in a bent plate.
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X INTRODUCTION

A knowledge of the physical properties of armor steel under
the conditions of impact is required in the analysis of the mechanics of
armor penetration. The deformation near the impact hole is triaxial and
variee from compression to shear.

There are available enough data to establish the streas-strain
relationship for amor steel in the three limiting cases of tensioun,
compression and shear. The stress-strain relationship for intermediate
cases is found by interpolation with the aid of general formulae which
have been sstsblished by tests on other metals.

The stresas in armor steel which is subject to pure tension or
pure compression has been determined at small strains by standard engineer-
ing tests, and has been investigated at large etrains by Bridgman,®.14,1¢

The stress in armor steel which is subject to pure shear {s
difficult to measure because it is not easy to obtain homogeneous shear
etreins. Tn the conventional torsion test the shear strain varies from
zero on the axis of the test specimen to a maximum at the surfece. Tha
strain would be more nearly uniform in a thin walled hollow eylinder,
which is stressed by internal pressure, but local {mperfections in the
steel have been found to produce premature rupture®: ?® of the cylinder
wall. Large shear strains in armor steel have been obtained with thick
walied sylinders by Bridgman®®.

Enough measurements have been made st various pressures,
temperatures, and atrain rates to establish approximately the effects of
pressure, temperature, and strain rate on the stress-etrain relationship.

The available jata for STS have been collescted, and are summa-
rized in the present report by curves which best represent the stress-
strain-rate of strain relationahip for STS of 115000 (1b)/(in)? tenseile
atrength ¢i a temperature of 15°C. Thess stress-strain-rate of strain
relationships have besn used in the analysis of a few simple examples of
plastic deformation, which are c¢f importance {n connection with terminal

ballistics.

The state of strain in the medium may be described either in
terms of the linear compcnents of atrain or in terms of the natural oompo-
nents of strain. The linear strains are used in thes present report, #inae
they have a geomstrical significance not possessed by the natural strains,
snd the stress-strain relationehips happsn to be symmetric in form when
expressed in terms of linear strains. 2ince the analysis involves the
general behavior of media under a polyaxial stress system, vestor and
tensor notation have been used.
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i1 GENERAL ANALYSIS OF STRESS AND STRAIN

Elastic Media

Strain! in an elastic medium deforms a sphere into an ellipmoid,
and applies to the components cf a line segmen: in the medium a linear
homogeneous transformation. FEach particle of tle medium experiences a
vector displacement Ar which varies from point to point in the meadium.

The difference dAr, between the displacements Ar and Ar + dAr, of two
points which were {nitially separated by the line segment dr, is given
by the equation

dAr = dr-VAr

The two points are separated after deformation by the line segment

dr + dAr. The tensor VAr is the sum of an antisymmetric tensor
#(VAr - V*Ar) and a symmetric tensor 3(VAr + V*Ar). The antisymmetric
part is a rotation without strain if the displacements are small, and
the symmetric part is a strain without rotation. A strain tensor ¢
exists which may be defined in terms of displacemént by the equation

¢ = #(VAr 4 V*ar) (1)

The volume of a space initially enclosed by & surface s in the medium is
increased on deformation by an amount given by the equation

S Ar-ds = [ V-ArdT (2)

A surface mlorent in a medium under stiress is acted upon by a
force in the direction of stress. The magnitude of the force is propor-
tional to the area of the projection of the surface element on a plaue
perpendicular to the direction of stress, which is just the component in
the idirection of strese of the vector rspresenting the surface elament.
The scalar components of a force on a surface element are therefore
obtained from the scalar components of the vector representing the sur-
face mlsment by a linsar homogeneous transformation. A stress tenmor V¥
exists, such that the forcs f on a closed surface s in the medium is
given in terms of the atress tensor ¥ by the equation

f = [¥-ds = [V-ydr (3)

The torque applied to a volume slement Im equal to the rate of {ncrease
of angular momentum of the volume element. The torqus applied by an

antinymmetric stress tensor decreases with decrease in the size of the
element at a rate proportional to the cube of the linear dimensione of
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the element, whereas the moment of insrtia decreases at a rate propor-
tionml to the fifth pewesr of the lineer dimenmions. The torque for a
tinite angular acceleration vanishes therefore in the limit as the size
of the element is decreassd, and the stress tensor is aymmetric.

The stress tensor may be expreesed in terms of the three
principal stresses X;, 1,, s and the orthogonal unitary vectors i,j,k,
which are collipear with the principal sxes of stresa, by the equation

¥ = K11 + XoJ) + Xakk (4)

The stress exerts upon any surface element of unit area with the normal n
a force ¥'n which may be resolved into a normail componernt nn'¥:'n in the
direction of n and a shear component ¥'n - nn-¥'n along the surface ele-~
ment. The normal component has & maximum or minimum velue whenever n
coincides with one of the three principal axes i,j,k. The shear compo-
nent ‘s zero whenever n coincides with the axes i{,j,k end is 2 maximum

. 1 i

whenever n is equal to one of the three vectors —— (i+j), = +k%)

1 ?;( J ?T(J ’ 3

= (k+1) which are midway between the principal axes. The siress exerts b

V2
1

upon an octahedral plane, whose normal n is the vector i;(iﬂ+j-+k), a
3

normal component é(lx + Xo + A3)n and a shear component F'
1

J%(X,i + X2 + Ask) -~ (X1 + X, + Xa)n. The stress therefore exerts upon
each face of an elemenvery octahedron, with axes parallel to the principal

axes of strese, a normal stress of magnitude %(11 + X5 + X¥g) and a shear
stress of magnitude L

$V a-4)° + (N2~ Xe)% 4+ (s- X4)7

In an isotropic elastic medium the principal axes of strain are
collinear with the principal axes of stress and the principal components
of strein e, €,, 65 are relatec to the principal components of sirese X,,
X2, Xs by the generalized Hooke's law

e = + lX UX aX
1 El ‘é.? EB
c 1 a :
€. = — ~fy + <X, = =X 5)
2 El E? EB ( 1‘
ey = UX UI l.r
8 = Ea'—E?+Ea {

in which £ is Young's medulus and g is Poisson's ratio. These equations




may be written in the alternative rorm

1-20
23 t ey t ey = "‘E‘“(xx +Xo t &)

l1+0
€1-€o9 = “—E"(xz"xz)

1+o
€o-€y = "'E‘"(Xa--xs)

eg-ey = ’T(Xs-lx)

UNCLASJ:”/’;,‘.l' g

(8)

(7)

The diletion e; + e, + ey is8 expreésed in terms of the iwan hydrostatic

tension (X, + X, + Xs) by the equation
_3(1-20) 1

€1 t eyt ey = ———— 3‘(/"1 + X + Xs)

E

\8)

and the octahedral shear strain % V (e3-€5)% 4 (eg-€g)° + (£9-€4)° is

given in terms of the octahedral shear gtiress

3V (X3~X2)% + (Xo-ke)? + (Xe-X3)?
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The ratn of strain ¥, when referred to the axes {', j', k', has all of
the components in the matrix.

€14 €312 €31

. - »
l €12 €22 €323

with principal components éy, €2, €. A unit volume of the medium
increases in volume at & rate Vv which is expressed in terms of &y, €g,

ég by the equation

»®
€gy €28 €33

Vv =é1+é2+éa (22)

The components of rate of shear in the medium sre the differences é,-éa,
éo-és, Eg-€; between the components of rate of strain.

In an isotropic plastic madium, ths principal axes cf stress are
collinear with the principal axes of rate of strain, but the compcnents of
stress are functions of the components of rate of strain, the linear strain

and the previcus history of the medium.

The state of stress? in a polyaxisl strees system may be repre-
sented graphicelly by a point in a three dimeneionsl cartesian spece, whose
coordinates are the principal components of stress. The state of strain
may similarly he represented graphicslly by a point. in a three dimensional
cartesian epace, whose coordinates are the principal components of sirain.
For a particular slement of the medium there ia & line in each space
which traces out the stregs Or strain es a function of time, and corres- ’
ponde, in parametric form, to the stress-strain curve for a uniaxial strese

gystem.

may be expressed in terms of » met of cylindrical polar coordinates, whose
polar axis makes equal angles with the three principal axes of atress.
The point in stress space lies on that octahedral plane which is situated

1 .
at a distance — (f, +1,+1Xg) from the origin as msasured along the occta-
‘\/3

The cartesian coordinstes, X, X, Xy of a point in stress space g

hedral.axiau The distance from the paint to the octahedral axia is

3~'¢r(X,_X2)3_+ (X,-Xafﬁv+ (Yg-Xy)? 18 measured in the octahedral plane.

The crientation of t.e print with respect to the octahedral axis may be
reprosented graphicaliy by 8 projection of the point on the octahedral
plans, together with projections of the coordinate axes. Two st ress-atrain
curvas in strees space which differ only by the amount of hydrostatic
tension have almosi {dencical projections on the octahsdral plans.

-
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The actuel mediwn obeys the Bailey c¢riterion in the neighbor-
hocd of the yield point but more complicated functions are required for
stresses far above the yield point. The ioci of points in stress space
for unit octahedral shsar strain sre illustrated in Figure (2). The
points connected by Curve I represent the estress required to deform the
original materisl with the siresa vratios held constant. The points
labeled 4 represent the stress required to deform, by tension, compression,
or torsion, a medium which has been prestrained in tension. The octahedral
shear streps required for shear iz much leas than the octahedral shear
strsss required for tension or compression. The octahedral shear stress
required for torsion is nearly the same for 2 prestrain in tsnsion as it
is for a prestrain in torsion. The conditions for plastic flow with the
stress ratios held constant are thersfore nearly valid also for dsforma-
tions in which the stress ratios vary, or in which the principal axees of
stress rotate. Curve I is symmetric sbout the octahedral axis, with three
axes of symmetry, and a function of the sixth degree is required to repre-
sent it, such as the function in the last line of Tatle I.

1f the pressure, temperature, and strain rate modify the otress
by ratios which are independeni of strain, then the parameters a, 8, Y in
Table I may he expressed as functions of the octahedral shear strain only,
for a static deformation at standard pressure and temperature, and the
parameter g, defined by the equation
1
]

g = (a((Xy=X2)? + (Xo-Xg)? + (Xa=Ky)7)® + B(hy~X7)2(Xo-Xa)?(Xe-Xy) %)% (25)
is then proportional to the ratio between the stress in an actual deforma-
tion and the stress in the etatic deformation. The parameters a, P may be
80 adjusted that g is equal to unity in a static deformation. It is also
convenient to s0 define Y that the function f,(X;-%,) is equal to unity

In a static daformatjon under pure tension. The paremeter ¢ may be repre-
sented as the product of three parameters, ¢y, 9». ¢s which are functions
respectively of pressure, temperature, and strain rate. The function
Fa{(X3-X32), (Xo-Xg).,(Xs-Xy)} 18 then a function of g, alone.

III THE DATA FOR STS AND OTHER STEELS

Klastic Properties

The data on the elastic constants for polycrystalline iron are
summarized in the Metals Handbook'®. Average values are reproduced in
Table VI.

n Uitline,
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Plastic Properties

The Yield Stress

The behavicr of armor steel near the yield point is probably
the same as the bshavior of the hollow stesel cglindors in the tests made
by Iode*, by Taylor and Quinney®, and by Davis®, which were all found to
have a nearly constart octahedral shear atress at the yield point. The
octahedral shear siress for mild steel was found to bacome a function of
the strese ratios, however, aa the strain was increased above the yisld
point, with an octahedral ehear stress for shear which was lase than the
octahedral shear stress for tension. Davia' data for mild steel are not
in disagreement with the sixth powsr law for f, which has been adopted
for armor in this report.

A more nearly zomplete investigation has been made cf copper
cylinders by Davias’, who compared the test results with Bailey's formulae,
and found good agreement with a fourth power law for f,. Taylor and
Quinney's results for mild steel are similar to the results for copper,
and the same law for f, holds for both. A fourth power law has therefore
besn adopted aleo for srmor asteel.

Tension or Compression

In the case of pure tension or compression the principal axes

of stress and strain remein collinear throughout. The atress is uniaxial
and two components of strain are equal. The octahedral shear stress is
given in terms of the single component of stress Y, by the expression ;~/5-11
and the hydrostatic tension is equal to u—Xi The octahedral shear strain
is given in terms of the component e, along the axis of stress and the
com onent ¢, = e5 perpendicular to the axis of stress by the expression

2(ey~-e3). 1f ey and e, are the permanent strains that remain after
releaso of stress, then the product (1+e,)(1+e,)? is equal tp unity and
the octahedral shear strain is given by the expression

Ninse - 2t
1l+tey
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The linear strain [] has the components ir the matrix

e, 0 0
1
C - 1 0
W/1+-e1
1
0] 0 J— -1
vV lte, !
snd the rate of strain 2 has the matrix
i 0 )
it+e,y
¢y
0 - 0
é(1"’61_)
;
0 o - 323
(L+ey)

Velues of the principal strains, the megn strain and the octahedral shear
strain for a few values of the component of strain along the axis of stress

are liated in Table II.

The available data on the stress-strain curves for Clasas B armor
or STS are summarized in Figure (4). The data at small strains are
summarized by Curve 11, which represents the average of tensile tests at
the Armor and Projectile Laboratory on a series of eight plates. The data
for intermediate strains are summarized by Curve III, which represents the
average of tensile tests at the California Institute of Technology?® on
three STS plates, and by Curve IV, wihich represents the average of compres-
sion tests at the Naval (Gun Factory on four Class B armor plates*. The
tensile teat data for large strains were obtained by Bridgmanl* at
Harvard University on these same four armor plates, while the compression
test data at large strains were obtained on a different SIS plate**.

The data in Figure (4) have all been corrected to a standard
tensile strength of 115000 (1lb)/(in)? end to zero hydrostatic tension.
An asterisk is included in the figure to mark the point of maximum load
in the tensile test. A single curve is adequate toc represent the data
for both tension and comp.ession.

* Plates numbered DD419, 37813, 4A308A2 and ZABAYAL.

**plate No. 87207.
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Torsion

Ji the cases of pure torsion the strees is biaxial and the
principal componente of etress and strain normel to the surface of the
specimen are both zero. Let i, j, k be unit vectors with k in the axial
direction parallsl to ¢he axis of the specimen and { in the radial direc-
tion perpendicular to the axia.” The dieplacement Ar of a point is given
in terms of the conveantional shear s by the equation

Ar = s2j

in which =z is the axial distance, befors strain, of the point from a
reference plane perpendicular to the axia. The conventional shear
strsin s at the surface of the specimen is defined in terme of the
radius e of the specimen, the length I of the specimen and the twist ¢
by the equation

agh

s ==
L

The tensora I + VAr and (I + VAr)~?! have the matrices

1 o o Il 1 o of
| "

0 1 ¢ H and 0O 1 ©

‘ C s 1 h ‘ D -s 1

The tensor (I+4+VaAr)™! (7 + V¥Ar)~! has the matrix

1 0o o 1
’ 0 1 -s
‘ 0 -s 1+s? {

N

Its principal components are 1 + #s® + s+ 1 4 Ls? and its principal

axes j', k' make &n angle O with the axes j,k equal to scot™'(#s). The
reciprocals of the principal components are the squares of the radii 1+ e,
1+ey Of the strain ellipsoid?®,

The principal radii, 1+4+e,, 1+eg are given in terms of s by
the equations

1tey, = + bs +W/sz?i£;§ 1
Ltes =« s +v 1 + ks? W
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and the principal axes are given in terms of ¢, and eg by the equations
e,j -~ egk

VvV ed + e2

egj + egk

VioeZ + el

The linear strain tensor [ is equal to e,j'j' + e k'k' and has all of
the terms in the matrix

i

3 + jcosf + ksinb =

k' = - jsinf + kcosf =

0 0 0
0 €ho €23
0 ts o €g3g

The components of the matrix are given in terms of s by the equations

TR as’
eop = - 1 +¢ 1 4 62 4 —A
; N[f+%s’

1
S
——y 142
tgg = - 1 +V 1 + 5% - — 4 4
~ 14 4s?

] The rate of strain tensor ) has the components in the matrix

| 0 01
0

.

0
0 #s
frs 0 |

o

A few of the functions for pure torsion are listsd in Table III
for a few values of s.

e

{ ' Stress-strain curves are reproduced in Fkigure (3) for annealed 1
SAE 1020 Steel which were published by Zener and Hollomon®. Curve I im
] the experimental curve for ntress asgainst natural strain for the tension
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test, Curve I is a plot of the octahedrsl shear stiress againset the
octahedral shear strain in the tension test. Curve II] is the stress
strain curve in torsion to be expected for an isotropic medjium with the
same octahedral shear stress in shear as in tension, while Curve IV is
thes experimental curve for torsion. The octahedral shear stress for
shear is lower than the octahadral shear stress for tension even at
small strains where other tests indicate no discrepancy. The octahedral
shear stress for torsion was 90% of the octahedral shear stress for
tension &t an octahedral shear strain of 0.2.

Similar results have been published by Davis® at the
Westinghouae Research Laboratory for 0.35% carbon ateel. The octahedral
shear stress for torsion in this case was 924 of the octahedral shear
stress for tensjion at an octahedral shear strain of 0.2.

Among the tests made by Davis® was a combined tension and
torsion test with the ratic of elongation to twist held constant. The
angle between the principal axis of strain and the axis of the specimen
increassd during the test from 30° to 33° at the surface of the specimen,
while the angle tetween the principal axis of rate of strain and the axis
of the specimen decreased from 29° to 26° Since the ratio of twist to
elongation was nearly constant, the ratio of shear stremss to longitudinal
stress should also be constant at the surface of the specimen, and
gshould vary in direct proportion to the distance from the axis of the
specimen. The ratio hetween torque and load would then be equal to the
product of #a and the ratio at the surface between shear stress and
longitudinal stress. The principel axes of stress, calculated from the
ratio of torque to leoad, followed accurately the principal axes of rate

of strain.

Bridgman!® at Harvard University has investigated the effect
of prestrain in tension or the stress in tenamion, torsion, and compres-
gsion. At an octahsdral shear strain orf 1.0, the octahedral shear streas
required for tprsion was gdbk of the octahedral shear stress for tansion,
and the octahedral shear stress for compression was only 8lb of the
octahedrsl shear stress for tension

Kadial kxpansion

In the case of pure radia’ expanaion the principal axes of
stress and strain remain collinsar throughout and one compomnent of
stre’ ., .5 zero. Ths octahadral shear strain is given in terms of the

two ovhsr components of strain by the expression %fer vfef-c,e,<+e§.

If ¢, and ¢, are permanent strains that remain after reiease of stiress,

-14...
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then the product (1+e,)(1+e,) is equal to unity, end the octahsdral
shear strain is given hy the functinn tabulated in Table IV. The linear
atrain tensor || has the matrix

€q 0 0
1l
—_—— -1 0
1+e,
0 0 C

and the rate of strain tensor )2 has the matrix

€

. 0 0
lte,y
e
0 L 0
1+e,
0 0 0

Bridgman®® at Harvard University has investigated the collapse
of hollow eylinders under the application of external pressure. He found
that the external pressure is accurately a linear function of the logarithm
of the ratio between the inner radius and the cuter radius of the cylinder,
and that the elongation of the cylinder is negligible. Let the radii of
the cylinder before compreseion be a and b, with a<<t, and let the radii
after compression be a‘ and 5’. A point which was at a radius r before
compression is displaced by the compreseion to a radius r’. The volume
displaced ie given in terms of the radii by the esquations

n{a’? - a%) = m(v’® - #7) = n(r'? - r¥)

The components of strain are given by the ®quations

g
/ a‘_-a’'?®

1 +¢1 :V/ 1 + - r;gﬁ

1
ltey = ——— =

J O
11 eq
eg = U

The components of strain snd the octahedral mhear strain are therefore

) {
=-1lH- N
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functions of a parameter u, which is defined by the equation
ri

~/ a2 - al?

u =

Since the component of strain ey iz zero, the components of
stress must satisfy the relationships

Xy-Xg = Ko-4yp Ki-dy = 2(X1-4g)

$V(X1=22)% + (Xo=Xs)® + (Xg-44)? =‘V[§(X1~Xa)

The components of stress [,, I, are functions of r/, and the equation of
equilibrium is

0dr | (Xy - 4y)
gr’ re

== 0

If the strese difference ([,-1,) is expresasd in terms of the octahsdral
shear stress, and if the octshedral shear atress is a function of the
gtrain, then the equation may be solved by quadrature. The values of i,
at the inner and outer walls of the cylinder are equal to the internal
and external pressures on the walls. The internal pressure is zero but
the external pressure p is given by the equation

/2 2
Yo b 11 —
p=+veS ==~ (§3=15)7 4 (o-2)T + (Ko=11)? du
at k5
a - 0’5

If the external pressure p is differentiated with respect to a’, an
expression {a obtained which involves the octahsdral shear stress at
the surfaces of the cylindsr only, and is not a function of the stress

in th» inverior.

Bridgman's data may be summarized by the expressions given in
Tablas V. The expressions for p have teen differentiated with respect to
o’ and the results of differentiation have been usad in the computation
of the octahedral shear stress at the inner wall. The octahedral sheer
stress assumed for the outer wall was corracted for straln hardening.
Included in Table V are two stesls of nearly 115000 (1b}/(in)? and

- 16-
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60000 (1t)/(in)® tensile estrength. A small correction may be applied

to the stress for the difference betwesn the actual and nominal values.
The octahedral shear stress for a hollow cylinder with a tensile strength
of 115000 (1b)/(in)? is compared with the octahedral shear siress for
pure tension or compression in Figure (4), where it {s represented by
Curve V. The conventional shear stress in vorsion, derived from a hollow
eylinder with a tensils strength of g0000 (1b)/(in)?, ts compared with
the conventional shear stress for the torsion test itself in Figure (3)
where it is rpresented by Curve V.

The Isothermal Stress-Strain Relaticnship for STS

Consideration of all of the available information on the deforma-
tion of armor steel and similar materials leads to the stress~strain func-
tions plotted in Figure (5) and listed in Table VII. The line in Figurs (5)
for shear is straight except at the lowest strains but ths line for comores-
aion and tension is slightly curved at the upper end. Values of a, 3, Y
have been found from the curves for the case of a static isothermal deforma-
tion and are listed in Table VII.

Preferred Orientation in Cryatalline Grains

A partial explanation for the diffsrance between the octahedral
shear stressee required for tension and shear may possibly exist in the .
crystallographic structure of severely deformed steel. The individual &
grains in an annealed polycrystalline medium have a random orientation,
but as the plastic deformation progresses, the grains acquire a preferred !
orientation®. In the case of armor steel with leas than 5% alloy content, ’
the grains have a body-centered cubic lattice?! at temperatures less than b
500°C. The direction of slip in 8 body-centered cubic lattics is the 111
axis or body diagonel, and the plane of slip may be any one or a combina-
tion of meveral planes which contain the 111 axis. The principel planes
of aslip are the 110 and 112 planes. In the case of pure tension the
grains take up a preferred orientation with a 110 axis or face diagonal in
the direction of stress. In the case of pure compression the predominant
orientation has a 111 axis or body disgonal in the direction of atress,
elthough a few grains may alao haver a 100 axis or cube edge in the direc-
tion of stress. In the case of pure shear the predominant orientation
has a 100 axis, or cube edge in the direction of compression, with a
110 axis or face diagonal in the direction of tension.

The preferred orisntations are summarized in Table X. Included
in the table are the principal components of strain along the axes of
etrees, produced by unit slip in the crystal along the axis of slip, and 1
the maximum resolved shear stress on any piane of slip in the crystal for
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uniy stress applisd to tha medfum. The ontahedral shear stress in the
msdium for unit resolved shear stress on ihe axis of slip is equal to 1
in the case of pure tensiom. % or 1 in the case of pure compression, and
ﬁw/é in the case of pure siear. The octahedral shear stress for shesr
in ths crystal is thereforw less than the octahedr.l shear stress for
either tension or cwunpresasion.

The medium ia of courss by no means a psrisct crystal after
severe cold work and quantitative agreement between the experimental
results and predicticne bamed cn crystsl plasticity are not to bs expected,
oithar because of differences in the rates of work hardening in the crystal
or becauss of constraints applied tp each crystal grain by adjacent grains.

The Variation of Shear Stress With Normal Pressure

Two shear stresses, which differ only in sign zhould both cause
shear strain {n an izotropic medium at the same magnitude of stress. The
shear stress in the tensile test differs only in sign from the shsar stress
in the compression test, but the mean hydrostatic tensiona alsc differ in
sign. It is well known® that mstale yisld in the compression teet at &
greatsr ctress than they yleld in the tensile teat. The difference in
yield stress is illustrated for armor stesl by the teets which were made
in 194) at the Naval Jun Factury on Clasa B armor of 1315000 (lb)/(in)? L

tensile strength. The atress at maximum load in the tensile test was
129000 (1b)/(in)?, but et the ssme cctahedral shear strain in compression
the siress was 135000 (1b)/(in)? which represente a %% incresss in shear
stress per 100000 (1b)/(in)® increase in normal pressure. None of the
difference in stress was the result of intrinsic anisotropy, since speci-
mens were cut from the armor in the three axes normal to the plate, T
parallel to the direction of rolling, and transverse top the direction of

rolling, and the only evidence of anisotropy oscurred in the ductility.
Bridgman®® 4, 1% hag ghown directly that the appliecstion of hydrostatic
pressure in the tensile test raiser the shear atress by a ratio which is
nearly indepondent of strain. The average increase in tensile strength
was 12% in s preesure range from 100000 (1b)/(in)? tc 250000 (lb)/(in)?.
The average incresase in tensile strength per 1000 ) (1.,/{in)? increase
in pressure. is of the order of 8t2%.

The Varistion of Stress with Tempsrature F

The effect of tempsraturs upon the physiecal properties of 3PS 1
has been investigated by the grcup at the Naval Research Labcratory® -
where the Brinell harduess was measured for temperatures in the range
from -183°C 10 +165°C. Ths values for Brinell hardness have been con-
vertad?® into valuss for tensile strength, have bsen 4ivided throughout \

- 18-
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by the tensils strength for 15°C, and the ratios have besn plotted in
Figure (7). Ths data indicste that the tensile strength decreases 7.54
per 100°C rise in temperature at 315°C.

The effects of temperature and rate of strain on the tensile
strength of copper, aluminum, iron and mild steel have bsen investigated
by Manjoine end Nadai?® at the Westinghouse Research Leboratory for
temperatures in the range from 2Z0°C to 1200°C and for rates of strain in
the range from 10 %(sec)”! to 1000 (eec)”*. C(Curves are included in
Figure (7) to illustrate approximately the variation with temperature
for mild steel,

The sffect of temperature upon the tensile stirength for
temperatures in the range from -190°C to +20°C and for strain rates in
the range from 10" *(sec)~! to 0.0l(sec)”! has been found by the group
at Watertown Arsenal? to be acrurately representable by an equation of

the  form

1 . 0.
logd* = 4 + —~(loge + —
S n( g€ RT)

in which X* is the tensile strength, & the strain rate, 7 the abasolute
temperature, f the gas constant, ant 4, n and (¢ are constants. The
corresponding functions go(I) and gg(é) have the form

{ 1

—

o nil . n
Go(7) = Ale qa(€) = A"é

in which 4' ard 4" are constants. The Watertown Arsenal data correspond
to a decresse in tensile streangth of 7% per 100°C rise in temperature at
15°C in the case of forged steel or tempersd martensite, and a decrease
of 8% per 100°C rise in temperature in the caase of pearlite. The results
for forged steel or tempered martensite are illustrated in Figure (7) by
the line labelled Z.

The function ¢,(7T) which has been chosen to reprssent the ratio
between the tensile strength at temperature 7 and the tensile atrength
at 15°C is plotted in Figure (7} and tabulated in Table VIIJ.

The Variation of Stress wiih Rate of Strain

The variation of stress with rate of strain has not been
systematically investigated over a wide range of strain rate on Class B
armor or STS. Measursments have bsen reported by Seitz?! at the

-19-
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University of Peuruylvanis and st the (arnsgie Institute of Technology,
in which the streas waes found to bs increased with increase in strain
rate, by a ratio independent of strain. The stress was incieased by
21% to 24% for an increase in strain rate from 1 {sec) "t to 1500 (sec) 2.
The specimens were amall cylindmrs . 171" dianm X .375" length, end were
tested in compressicn to 25% reduction in length. Pcinvs are plotted in
Figure (8) to represent these dsta.

Measursmenta on STS have been made by the group at the
California Institute of Technology®®, in which the tensile strength in
an impact tensile teat was compared with the conventionel static tensile
strength. The specimens were .3% diam X 8" gage Jsugth, and the impact
velocity was in the range from 25 (ft)/(sec) to 200 (ft)/(sec). The
ratio betwsen dynamic tensile strength and static tensile strengtih has
been calculated from tha data, and the averages for three ZTS plates
have been plotted against the average rete of sirain in Figure (8).
Included smong the data from the California Institute of Technology
wers some resuits on twd Class B armor pletes which are consistent with
the resulta on 3TS but more widely scattered. The von Karman® critical
impact valocity for Claas B armor or STS wae found to be 200 (ft)/({sec),
and the data are all below the critical veiocity. Included in ths
diagram are the average results for three m11d steel plates investigated
at the California Institute of Technology®®. The von Karman®* eritical
impact velocity for mild steel was found to be between 125 (Pt)/(sec) and
150 (ft)/({sec), and the California Institute of Technology data on mild
ateel therefore straddle the critical velocity.

The only systematic investigation over the whole range of strain
rate has baen made by Manjoine and Nadai’? at the Westinghouse Research
Leboratory on copper, sluminum, iron and mild steel. The specimens were
.2" diam X 1" gege langth. A curve is plotted in Figure (8) to {llustrate
the Westiinghouse Research Laboratory data on mild steel at 20°C, together
with two of their data for pure iron. Tke curve has a characteristic
minimum in approximately the range of strain rate which occurs in the
convent ional static ienaile test, and the curve is not linear. Th=s
westinghouse Research Laboratory data on mild steel were below the
von Karman critical veloeity.

Measurements have slso beon made on mild steel by the
Massachusetts Institute of Technology?’ but the impact velocity was above
the von Karman critical velocity and the data are all low. The data
from the Massachusetts Institute of Technology are also included in
Figure (8) for comparison.
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Measurements by the group at Watertown Arsenal at atrain retes
leses than 0.01 (smc)™! correspond tc an incresse in tensile strength
of 0.%% per unit inerease in logé ir the case of forged steel, and an
increass of O0.¢% in the case of pearlite. Their resulte for forged steel
are illustrated in Figure (8) by the iine labelled 2. A variation of
stress with atrain rute of the same magnitude hes alsc been observed by
Bridgman!? with torsion tests on 1020 plain carbon steel at strain rates

less than 1.0 (mec)™*.

The group at the California Institute of Technology have found
that ths ratlo between dynamic and static tensile strength is greateat
for pure iron and decreases with increase in the hardness of the ferrous
#lloys. Their average resulte for iron, MS, HTS, Class B Armor and STS
are compared with their results for a few SAF and NE steels in Figure (9).

The data rsporved by Seitz, by the California Institute of
Technology, snd by the Westinghouse Research Laboratory were all obtained
with high speed impact machines, in which the energy of a spinning whesel
iy trensferred through 4 tup to the specimen by a trigger device. The
data from the Massachusetts Instictute of Technology were obtained with s
device in which the source of energy was an exploding powder charge.

In all cases the oscillograms were obscured somewhst by vibrations in the
specimen and stress gauge. The vibrations were damped, however, and the
avercge stress at maximum load should be a fairly accurate representation
of the dynamic tensile strength, even though the yield point was obscured i
by vibration. Similarly, the rate of strain in each tensile specimen
was not constant, but the multiple reflection of plastic waves from both
ends of the specimen together with damping effects probably reduced the
fluetuations in rate of etrain to such an extend that the instantaneous ,
rate of strain at maximum load was not far different from the aversge &
rate of strain, as long as the impacti velocity was less than the

von Karman critical velocity.

Measurements have been made by the group at the California
institute of Technolougy?®, in which hollow tubes were loaded, at various
rates, with internal fluid pressure, and the fluctuations in strain rate, i
which are associated with plastic waves, were thus eliminated. The
apparatus was so designed that the axisl component of stress was
essantially zero. The stress system was therefore a uniaxial tension,
with the princ.pal axis of stress in the circumferential direction.
The ratio betveen the dynamic tensile strength and the static tensile ,
strength has heen calculated from the data and the values for each of
three STS pletes have been plotted in Figure (8). The values of the )}
ratio are scattered over a wide range, which extends from unity to the
values for .ensile teats. The specimens were cut from the platss with {




the axes of the specimens parallel to the direction of rolling in the
plates. The circumferential direction in the specimen wss therefore a

direction of little ductility, and the specimens usually ruptured at a

sircumferential strain much less than the strain for maximum load. Some
specimens develcoped cracks and leaked after very little strain, and were
probably not homogenecus in structure.

The function gs(é), which has been chosen to represent the
ratio between dynamic and static tensile strength for Class B armor
and STS, is given as a function of & in Figure (8} by the curve labelled

S.

At the strain rates of importance in ballistic applications,
the function may be represented analytically by the limiting equation

loggg(é) = (.01 % .02) + (.04 & .01)logé (286)

whieh is satisfied by ¢y at high rates of strain.

The function gg(é) has for its inverse, the function f,(qg)
which is tabulated for a few values of g, in Table IX. In the special
case of a tensile test, the equations of flow reduce to the equation

%é = F4(qs)3qs

v APPIICATIONS
The Adisbatic Stress-Strain Relationship for STS

work is done on each element of volume in a med um during a

plastic deformation. The rate of doing work is equal to the trace or
gpur of the tensor ¥-2. 1In the special case of a deformation with
stationary axes of stress the work w on unit volume is given in terme

of the components of strain e,, 2,, eg by the squation

l+€1 l"’eg l-'res

w=f(1+e)(Lt+e)(L+eg){

Approximately 134 of this energy in steel is stored in the form of
internal potential energy'®, and the remainder is released in the Torm
of heat. In an adiabatic deformation the temperature rises and the
stress is less than the stress in an isothermal deformation.

) (27)
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The temperature rise in en adiabatic defermation is governed
by the differential equation

PcpdT = £q2(T)dw,

in which p is the density of the medium, p is the specific heat, T is
the tempersature, dw, is the work done on unit volume in an isothermal
deformation, and g is the fraction of energy ccnverted into hest. The

integral of the differential equation is

1.7 P
W, = — —— dT 28)
0 EfTo q-(1) (

in which T, is the initial temperature.

The results of integration are tabulated in Table VIII, as a
function of temperature, for Class B armor or STS. Specific heats for
the integration were taken from the Metals Xandbook®2., A curve to
represent the relationship between octahedral shear stress and cctahedral
shear strain in an adishatic deformation with pure shear is plotted in
Figure (6) together with the temperature. The stress in the adiabatic
deformation is a maximum at an octahedral shear strain of 0.5.

The deformation in any object is iscthermsl if the deformation
occurs 80 slowly that thermal equilibriwn is meintained, and is adiabatic
if the heat of deformation is liberated hefore it can be conducted away.

If the rate of strain were so adjusted that the rate of
liberation of heat were constant, the temperature would rise adiabatically
at the beginning of deformation, but would approach a steady state tempsra-
ture as the deformation progressed. The transition from adiabatic deforme-
tion to isothermsl deformation depends upon the dimensions of the object.

As an example, the tempersture at the center of a standard
505" diam X 1" gage length tensile test bar would lag to one half of the
adiabatic temperature rise in a time intervel of the order of 10 sec.
If the duration of the tensile test is much gresater that 10 sec the
deformation is nearly isothermal and if it is much less than 10 sec it
ie nearly adisbatic. The elongation at maximum load in the case of
Class B armor or STS is 12%, and the transition rate of strain is there-
fore of ths order of .01 (sec)” ! in a tensile test on armor. The stress
at 1% elongation in an adiabatic deformation ie, however, only 2% leas
than the stress in an isothsrmal deformation at the same rate of strain.
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The Propagation of Klastic Waves

The equation of motion®! in sn elastic medium is
pAr = (A+u)VV-Ar + pV-VAr (29)

in which p is the density of the medium, Ar ig the displacement of san

element of the medium and Ar is the acceleration of the elament.

The displacement Ar may bs expressed as the sum of two vectors,
the gradient of a scalar function whose curl ie identically zero, and the
curl of a vector function whose divergence i{s identically zero.  The squa-
tion of motion splits into two separate wave equations which govern the
two component vector functions. The irrotstional displacement satiafies
the equation*

pAT = {A+21)V-VAr (IXAr = 0)

and the rotational displacement satisfies the equation

par = puV-VAr (V-ar = 0)
# The component deformations ars propagated with different velocities.

In a plane longitudinal or irrotational wave there is a compo- w
‘ nent of strain e; ir the direction of propagation but the components e,,
g ey parallel to the wave front are zero. The dilatetion is therefore equal

to ¢;. The components of atress are given by the equations [
l-0)Eke
Xy = ( )Be Ko = Xy = 0k,

T (1+0)(1-20)

and the velosity of provagation c¢; by the equation

e —
€y = At ap = ...{.1... (30)
p pea
i
' * A veoctor whose curi is zero sutisfies the equation "

UXVXAr = VVAr - V:VAr =0

L .
UiipL;.ngs:LJ
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In a plene transverse or rotationsl wave there is a simple
shear s in the plane of the wave front but the displacement in the
direction of propagation is zero. The principal axeu of strain are at
45® to the dirsction of propegation and the principal components of
strain are given by the equations

ey = + Bs = - e4 e, = 0
The principal components of stress are given by the equations
Xy = + s = = Xy Yo =0

and the velocity of propagation ¢, by the equaticn
__\/;l - f 11 ,
€y = = =N T (-.51)
¢ ps

A plane longitudiral wave is transformed by reflectioun at a
free boundary into a pair of waves. Let i, Jj, k be unit vectors with k
normal to the free boundary, and let n{ be the normal to the incident
longitudinal wave, nf be the normal to the reflected longitudinal wave
and n¥ be the normal to the reflected transverse wave. The incident
normal n} makes an angle of incidence 9, with the boundary nomal k.
The reflected nommal nY mekes an sngle of reflection ecual to the aangle
of inecidence, but the rellected normal n% makee a different angle of
reflection 6, with the boundary normal. The nommals and angles are
illustrated in Figure (10). Since the waves must remain in phase at the
boundary, the angles 6, and 6, are related tc the velocitiee ¢, and ¢,

by the law

8inf, €4

SinGp Co

Thne normals are expressed in terma of the unit vectors by the
squationsa

iaind,; - kecoal,

1]
[y
§)

- {8inf, + kcosB,

=
-3
T

ny = isinf, + kecosb,

Displacement in the transverse wave occurs in the direction of the unit
vector iccab, - ksinf,. A straia e’ in the incidernt longitudinai wave,

_,85_.
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a strain e¢” in the reflected longitvdinal wavs, and a shear s” in the
reflected transverse wave combine to give a displacement Ar whoss
gradient has the componsite in the matrix

+ (e’ +¢”)8in*6, + s"sinbycosl, O - (e’ -e”)sind,cosB; - s*sin?6,
0 0 0
[ - (¢/ -¢")8inB,c086, + s%cc8?6, O + (e’ +e")cos?6; - s*aind,cosd,

The principal component of strain normal to the plane of incidence is
2870,

Since the force on the free boundary is zero, the priicipal
sxes of stress at thes boundary are parallel to the surface, and the
principal component of stress normal to the purface is zero. The
principal sxes of strain are therefore also normal to the surface, and
the wectors i, k which were orthogonal before deformation are still
p orthogonal after dsformation. The condition of orthogonulity is given
to the first order in ths strains, by the equation

#’ . 2(e! - e")3inb,cosbly = s"(cos?0, - sin¥6,) (32)
and the principal components of strain are given by ¢he equations

(e’ +e*)8in?6, + s"sinf,cosb,

LY

i

e, 0 :

ey = (e’ +e")cos?0, -~ s"sinb,cosf,
Solutioa of the equationas of Hooke's law with e, and Xy equal to zero
leads to the relationship

€y teg N sin?0,
p =1~ = =g = 7 2
€, - ey cy~-c, 8in?b; - 8in®6,

which may be reduced to the equation

. 2s"ain®6,coeb,
e’ +e")ain?f, = ~ 33
( ) 17 coe?0, - sin26, (38}

The equations (32) and (33) may be solved simultaneously to finc e” and
$7 In terms of ¢’ for any 0,.
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The two velocities ¢, and ¢, for longitudinal eand transverse
waves in steel are 19400 (ft)/(sec) and 10400 (ft)/(sec). The components
of strain in the waves reflected from a free surfuce have besn computed
for steel. They are listed in Table XI and plotted in Figure (11).

The Propsgation of Plastic Waves

Plastic deformations are propagated by waves of variable
velocity. In a plane longitudinal or irrotational wave there is a compe-
nent of strain e; in the direction of propagation, but the components e,,
es paraliel to the wave front are zero. The dilatation is therefore
equal 10 ey, and the octahedral shear strain is equal to %4/5 es. In
addition to the component of stress Y; in the direction of propagation,
there are two equal componente of stress f,, I parallel to the wave front.
The octahedral shear stress is thersfore equal to 12 (X4=%3), or to
{\/5 (X3-Xs). Since the mean hydrostatic tension gs a function of the
dilatation, and the octahedral shear stress is a function of the octahedral
shear strain, both may be expressed as functions of e;, and may be solved
similtaneously for the component [, of stress in terms of the component e,
of strain. The equation of motion®? is

8X, dX, 3%Ax

I e

ox de, 9x*

i

in which x is the initiel position along ths direction of propagavion of
a point whose displacement is Ax and p is the initial density. A partic- !
i ular solution of the equatlion of motion may be found by the method of
von Karman?*. The strain e; is set equal to a function ¥(x/t), and the
displacement Ax is then given by the equation

ax = - w2 ax

The particle velocity Axr is given by the equation

. @® x x e x
Bx = [~ ¥r(=)dx =~ [ T(5 )dey (34)
xt t 0 t
1 Subetitution of the function for Ax into the equation of motion leade to
the relationship j

1 dX,

b E:z (35) 1




The plastic wave velocity decreases with increase in strain, but is not
less thean eight tenths of the elaatic wave velocity-

The phase velocity x/t for STS is represented by Curve I in
Figure (12) and the particle velocity Ax is represented by Curve II.

In 2 plane transveres or rotational wave, the medium is subject
to a simple sheer of amount s. The octahedral shear strain is almost,
but not quite equal to (1/v6)s. The correct relationship is given in
Table III. Displacement in the medium is propagated by a shear stress 1;,.
The octahedral shear stress is equal to-/Z f,,. The shear stress f,, can
be expressaed as a function of s and the equation of motion is

8X1o _ dhyg 88y 1

pAy =

ox ds dx* |

in which Ay is the displacement, parallel to the wave front. The equa-
tion is similar in form tc the equation of motion for a longitudinal wave. i
The phase veiocity is given therefore by the equation

x-—
=V ST (38)

The phase velocity decreases with increase in strain and becomes zsaro at
that strain for which the adiabatic stress strain curve has zerc slope.

h The phase velocity x/t for STS is represented by Curve I in
Figure (13), and the particle velocity Ay ie represented by Curve II.

Von Karmman's analysis gives the motion in a plastic wave which
etarts from the origin at zero time. The wave is maintained by a constant
stress at the origin, and the particle velocity is constant at thes origin.
If the stress is suddenly withdrawn, an elastic unloading wave is trans-
mitted which moves faster than any part of the plastic wave and overtakes
the plastic wave. Interaction between the unloading wave and the plastic
wave ssts up sscondary waves which gradually transform the kinetic energy 1
in the medium into plastic energy The propagation of the plastic deforma-
. tion continues long enough to convert all of thes itinetic enargy into
1 plaatic energy. Details of the motion in the general case of a variable 1
stress at the origin must be found by s more complicated analysis than
. von Karman's, If the velocity and displacement are both specified at
1 every point in the medium at zero time, then the velocity and displacement 1
are determined for all submequent time by the equation of motion. The 1
velocity and displecement may be found by numerical integration of the

equation of motion.




In the case of pure flexure, the central plane of a plate is
bent into a curved surface. On the concave side of the middle surface
the material of the plate is compressed, while oun the convex side it is
atretched. The middle surface remains nearly free of strain, Forces
are appiied to the edges of the plate, but not to the free surfaces,
hence two of “he principal axes of streas at a free surface lie in the
surfsce, while the principal component X3 of stress normal to the plate
is zero. Two of the principsl axes cof strain at the surfsce therefore
also iie in the surface. A line segment which was normal tu the free
surface before flexure, is still normal after flexure, and is also nearly
aormal to the middle surface.

The principal components of strain ¢, and e, are given by the
equations .

ey = X2 ey, = XNg2 (37)

in wiich %, and %, are the principal curvatures of the plate.

The flexure of the plate is maintained by two stress moments

#' Ny and N, which are defined by the equations

+%h +3h
4 ¥ = - [  Xiede ¥y, = - [  Xyzdz
s - &h -%h

in which # is the distance measured from the middles surface and A is the
thicknesa of the plate. The stress moments #; and N, are expressed in
terms of x; and x, by the equations

1 *hhny 1 *Bhx
My = - =,f Yieyde,y My = = —of Yoeqdey (38)
X1 -%hx, Xz -%hx,

Each of the components of stress }, and X, are functions of

both of the components of strain e, and e,. Each of thy stress moments

Ny, and ¥, are thersfors also functions of both components of curvature x,

9 ‘
and x,. The relationship betwee: the moments and the curvatures ia best

represented by & diagrem, in which contoura of squal (1/A2)¥, or (L/A?)N,

1 are plotted against phx, and #Ax,. The contour plot for (1/h*)N, may be
obtained from the contour plot for (1/h’)ﬂ‘3 by an interchange of X, and Xg.

1 L few contours for STS of 115000 (1b)/(in)* tensiles strength sre plotted

in Figure (14), and the data for ths contours are given in Table XII.
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Table II

UKCLASCH Lo

The Components of Strein in Tension or Compressicn

i, o —

$Ven

+1.140
+ . 557
+ . 317
+ . 109
+ .030
+ .012
+ . 003

. Q00
+ .003
+ 003
+ 044
+ .138
+ .2585
+ .35
+ . 867
+1. 272
+2. 868

e

LY ey =eg
e 9 "2: 16
"08 +lo 236
-.7 + .825
~.5 + .414
~. 3 + .19
-. 2 + .118
-1 + .054

0 . 000

+.1 - .046
+.2 - 087
+.85 | - .184
+1.¢ ;- .293
+1.5 | - .367
+2.0 | - .4323
+3 - .500
+5 - 592
+10 - 698

%‘/b(‘m”en)a

—:===
tlog (1+ey)

Izlog(l+¢2)
w—- 4%

~1.442 -2.30
- .960 ~1.609
- .719 ~1.204
- 431 - .8983
- . 233 - «387
- . 150 - . 223
~ 072 - .10%

. 000 . C00
+ .069 + .095
+ 13D { .182
+ 322 + 4086
+ .809 + . 693
+ .880 + .916
+1. 148 +1. 089
+1. 650 +1. 386
12. 636 +1.79
+5.042 +2. 40

/- .
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Table IV

The Components of Stirain in Rsdial Expansion

[ —— ..."..—;7
‘. ., %Eem l.é Toe ) +log(l+ey)
! q ~log(l+ey)
= ‘ e
0 0 0 0 . C00
N «1 -.091 . 003 .078 . 095
' o2 -. 167 .011 . 150 . 182
3 ~.331 . 023 217 - 282
%+) ~.333 . 056 - A2 406
v 1.0 ~.500 - 167 . 824 . 8683
1.5 ~-. 600 . 300 . 883 . 916
2.0 -. 667 » 444 1. 133 1. 099
3 -. 750 . 750 1.620 1.386
5 ~-. 833 1.389 2-575 1.79
10 -.909 3. 030 4.94 240
Table V

The Collapse of Hollow (Cylinders 4

F:_-"—_:'—__-'_?:; ormc e g
Teneile
Steel Strength External Pressure

AS 104000 + 92000 + 165000 log(a/a’)

A6 114000 +110000 + 191000 log(a/a’)

A7 170000 428500C + 245000 log(a/a’)

AB - 4135000 + 219000 log(a/a’)
P 57000 + $8000 + 112000 log(a/e’) 1'
1
) - 3
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Table VIII

Ratio between the Stress in an Adiabatic¢ Deformation
and the Stress in an Isothermal Deformation

P e T
T | (1) (107%)/ P dT
q —
2 q2(T)
°C {(ft)(1b)/(£t)?

«-200 1.57 -10.8

-150 1.25 - 9.5

-100 1.125% - 7.3

- 80 1.094 -~ 6c2
F, - 60 1.068 - 5.0 F‘

- 40 1.048 - 3.8

-~ 20 1.026 - 2.5 A
L O 1.009 = l-l ”‘

+ 15 1.000 0.00 ‘

+ 20 . 995 + .37

+ 40 . 980 + 1.9 ]

+ 80 .967 + 3.4 ]

+ 80 . 955 + 5.0

+300 . 942 + 6.7

+150 .91 +11.0
, +200 .88 +15.8
b 4
! 1
| |




Table IX

Strain Rate Function for Clsss B Armor or Srs

115000 (1b)/(in)?

tensile strength

15°C temperature
——— ]
ds f1(¢s)
(sec)~?
——— —
1.0 « 0005
1.1 3
1.2 8.0
1.3 60
1.4 300
1.5 1200
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Table X
Properties of a Body-centered Cubic Crystal
oo —
Stress Tension Compression Shear
(1) (2)
Preferred (rientation
Axis of Tenaion 110 110
Axis of Compresession 111 100 100
Component of Strain, per Unit
. Slip on 1i1 Axis
P in Axis of Tensiomn +3v2 +3vz
In Axis of Compression ~§,/'£ ~3vz2 -3ve hr
, Maximum Resolved Shear Stress
1 - -~ .
| on 111 Axis per Unit Applied Stress Ve 14 3ve 2ve !
{
Octahadral Shear Stress
i~ - 2
| for Unit Applied Streas sve vz 3v2 ‘/;
1 4
1 4
1
1
Ui\\JLI [T | n.,‘i\ 1
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Table XI

Reflection of Elastic Waves at a Free Boundary in s'i‘s

m—— [ ‘m
e” s e, ts l, e
61 sin 91 sin eg :, :I :f ;' :"3 2(‘--‘,.)
F-.:-.-—.._—__-_.__L w%
0° . 000 . 000 -1.000 . 000 . 000 . 000 .000
He . 087 . 047 - .991 . 3547 . 018 -. 007 .010
10°¢ - 174 . 093 - . 963 . 883 . 084 -. 027 .038
15° 259 . 139 - .918 . 997 » 143 ~.080 . 080
' 20¢ . 242 « 183 - . 858 1.280 o 247 -. 105 - 148
25° 423 . 287 - 785 1.524 « 375 -. 159 . 224
&” 30° . 500 . 268 - .702 1.721 «519 - 221 . 310
o ® . 574 v 30‘? bl 6131 1.0 869 . 674 ~e ?a87 0*03
40° . 643 . 345 - 521 1.98%5 - 833 -. B4 . 498
45° 707 « 379 - <402 2.009 - 989 -.421 591
: 50°  .766 .411 -~ .24 1.005 1.132  -.482 . 677
56° .819 + 439 - 279 1. 995 1. 259 - D4 + 750 '
60¢ « 886 . 464 - 226 1.865 1. 348 -. 573 » 809
65° « 9086 « 486 - 197 1.737 1. 397 -. 584 835 1
70° . 940 . 504 - ,203 1.570 1.387 ~. 590 . 829 !
75¢ <986 .518 - . 257 1.355 1.293 -. 550 773
80° . 985 . 028 - , 380 1.088 1. 080 -, 459 « 64% ‘
a85¢ . 996 534 - . 808 . 650 . 882 ~. 290 . 408
g0 1.0CO « 538 -1. 000 000 . 000 . 000 . 000
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Vi LIST OF SYMBOLS
a, b radii of cylindrical epecimen before deformation.
a’,b! radii of cylindrical specimen after deformation.
A AlLAY empirical constants
%, By Y parameters in the stress-atrain-rate of strain relatiocmship,
Cy phase velocity for elastic longitudinal wave.
ca phase velocity for elastic transverss wvavs.
€5 spscific heat.

€11,.222,€88,€19,%28,231 componente of linear strein.

€y, 25, g principasl ecomponents cof strsin.

1+4+e2,, 1+ey, 1lteg principal radii of a unit sphere after
doformation into an ellipsoigd

log(l+ey), log(l tey), log(l+ey) components of natural strain.
ey, eq, €4 time rates of change of e,, €., eg.
DL dilatation.

31v'¥(ey-e,)? octahedral shear strain.

e’ strain in incident longitudinal wave.
e” strain in reflected longitudinal wave.
€ strain rate (temsicn).
€32.€90,€98,€12,€20, €31 components of strain rate.
€y, €2, € principal components of atrain rate.
(€4 ~-€2), (€,-¢€5), (€a-¢€4) principal components of rate of
shear.
K young's modulus.

heS e
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- e e




f

vector force,

Fi{(X1=-X2), (Xo=Xy),(Xe-%4)) * function in the flow equationa which

detarmines the magnitude of rate of
strain.

fo(Xg~X2), Fo(Xo~Xs), Fo(ds-X4) functions in the flow equations which

i, .,k

i3,k

i"J"k!

determine the distribution of rate of
shear.

fraction of plastic work converted into heat.

plate thickness.

orthogonal unitary vectors,
i axis of specimen (tension or compression).
i radial direction (torsion or radial expansion).
k axis of specimen (torsion or radial expansion).

k normal to free boundary (wave reflection and
bent plate)

principal axes of stress (general analysis).
principal axes of strain (general analysis).
unitary tensor.

bulk modulus.

components of curvature, or reciprocals of the radii of
curvature (bent plate).

elastic modulus.
shear modulus.
indices.

stress moments (bent plate).

uit vector normal to a surface element.




L — . - < {

91(p)

92(T)

Qs(é)

Ar
Ar

Ar

V¥Ar

normal to incident longitudinsl wave.

normal to reflected longitudinal wave.

normal to reflected transverse wave.

rate of rotation tensor,

pressure.

angle of twist.

strain tensor (elastic deformation).

strain tensor (plastic deformation}.

stress tensor (general analysis).

ratio between the stress in an actual deformation, and
the stress in a static deformation at zero hydrostatic

tenaion and at 15°C.

ratio between shear stress at normal pressure p and
shear stress at zero pressure.

ratic between shear stress at actual temperature T and
shear stress at 15°C.

ratio betwsen shear stress at strain rate & and shear
stress in a static deformation.

heat of activation per mol.

position vector of a point in the medium.
vector displacement of a point in the medium.
vector velocity of a point in the medium.
vector acceleration of a point in the medium.
tensor gradient of the vector Ar.

conjugate of VAr,

..45.. :‘_, ;\’ -‘\ ’..,‘ .




,ﬁ
’L.
t
L’Hu \ %
Nl ,
V-Ar divergence of Ar. 1
r radial coordinate before defcrmation. %
r' radial coordinate after deformation.
R gas constant per mol.
e density.
8 vector surface (general analyeis).
s shear strain.
s” shear strain in reflected trensverse wave.
s rate of shear.
o] Poisson'a ratio.
) rate of strain tensor.
t time (ssc).
T absolute temperature (°K).
T initial temperaturs (15°C). ) £
T volume. {
& angle betwsen principal axi. of strain and axis of '
specimen {(torsion) )
0, angle of incidence and angle of raflection for longj- |
tudinal wave.
0, angle of reflection for transverse wave.
u variable of integration. ,
v vector velocity of a point in the medium. ?
Vv tensor gradient of the vector v. ;

Vv conjugate of Vv.
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Vey divergeace of v.

w plastic energy per unit volume.

wy plastic energy in an isothermal Aefoermation.
x,y,2 cartesian coordinates.
X’n.Xu,l“.Xﬁ.X”.lu components of s.ress.

Xa o XooXs principal components of stress.

+2x, mean hydrostacic tension.

%U’X(Xumln)i octahedral shear stress.

X! yield stress.

) ol tensile strength.
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Dynamic TENSILE STRENGTH
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NPG PHOTO MO 2993 ¢ APL) W FIGURE (9
THE OYNAMIC TENSILE STRENGTHS OF SEVERAL STEELS
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NPG PHCTO NC, 3098 (AFL) FIGURE (10)
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NPG PHOTO NO., 3099 { APL)

FIGURE (11)
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NEG PRHOTO NOL 310 { APL) FIGURE (i3 )

Particie Velocity CQurve L (ff)/{sec)
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THE PROPAGATION OF TRANSVERSE PLASTIC  WAVES 1IN




NPG PHOTO NO. 3102 (APL) FIGURE (14)
THE MOMENT-CURVATURE RELATIONSHIP
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1' Contours of equal h'—,M,, expressed n (Ib)/(in)®
K, Ky = curvatures of the plate
‘ h = plate thickness
1
—;-nx,,lzhx, = components of strain at the surface of the plate
M, M, = force moments per unit length
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The dotted ellipse maorks the yield point




